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We show how Loop Quantum Cosmology can be derived as an effective semiclassical description
of Loop Quantum Gravity. Using the tools of QRLG, a gauge fixed version of LQG, we take the
coherent states of the fundamental microscopic theory suitable to describe a Bianchi I Universe and
we find a mapping between the expectation value of the Hamiltonian and the dynamics of LQC. Our
results are in agreement with a lattice refinement framework for LQC, thus the so called “old” and
“improved-dynamics” regularization schemes can be reproduced. These amount to different choices
of relations between local variables and the smeared ones entering the definition of the coherent
states. The leading order of the fundamental theory corresponds to LQC, but we also find different
inverse volume corrections, that depend on a purely quantum observable, namely the number of
nodes of the states.
PACS numbers: 04.60.Pp
The attempts towards a quantum theory for the gravi-
tational field encountered several interpretative and con-
ceptual issues. The latter are partially tamed in a cos-
mological setting, in which some degrees of freedom are
frozen and the dynamic problem simplifies. This is the
case already for the Wheeler-DeWitt framework, whose
implementation in minisuperspace [1] allows to go fur-
ther in the quantization procedure, even though no new
achievement in the characterization of a Quantum Uni-
verse is obtained (no removal of singularity or of chaotic
behavior for Bianchi IX model). On the contrary, in Loop
Quantum Cosmology (LQC) [2–4] a viable description for
the early Universe is provided: the initial singularity is
generically replaced by a Big-Bounce [5], while there are
some indications that the chaotic structure of the Bianchi
IX solution is tamed [6].
The investigation of the phenomenological implications
of LQC [7, 8] (see [9] for a review) opens up the possibil-
ity to validate the theory in a nearby future in view of the
continuous progress of experimental cosmology (CMB
power spectrum and polarization, neutrino cosmology,
gravitational waves detection). This validation would
not only give us a detailed knowledge of the Universe
early phases, but it could also enhance our comprehen-
sion of fundamental fields at the Planck scale, given the
expected link between LQC and Loop Quantum Gravity
(LQG) [10]. In fact, LQC aims to provide the cosmolog-
ical sector of LQG, but till now no direct derivation of
the former from the latter has been given.
In this work, we bridge the two theories. The inter-
mediate step we use is Quantum-Reduced-Loop-Gravity
(QRLG) [11–13], which is realized by imposing some
gauge-fixing conditions weakly in the kinematical Hilbert
space of LQG. These gauge-fixing conditions restrict the
full Hilbert space to one describing a diagonal metric
tensor and diagonal (inverse) drei-bein fields. This for-
mulation has the merit to preserve a (cuboidal) graph
structure with SU(2) quantum numbers at links and in-
tertwiners at nodes, thus accounting for the main features
of LQG in a simplified context.
The dynamics of the resulting system is analyzed out
of the one of the full theory by replacing LQG operators
with QRLG ones. This actually amounts to reducing the
degrees of freedom (since generically the dynamics does
not preserve the diagonal condition for the metric) to
the ones of a inhomogeneous extension of the Bianchi I
model. The action of the scalar constraint operator can
then be analytically described. The semiclassical limit
has been realized by peaking coherent states around a
classical configuration: for a three-valent node it has been
demonstrated that the expectation values of the scalar
constraint coincides with the expression adopted in LQC
for the Bianchi I model [14].
This result has the following drawbacks, which we are
going to solve in this work:
i) it was restricted to a single node with ad-hoc struc-
ture, namely only inside an homogenous patch of the
inhomogeneous Bianchi I global state;
ii) it was not clear the relationship between the local
regulators in QRLG and the global ones in LQC.
In particular, we are going to outline how to refine our
calculations such that the extension to more-than-three
valence nodes in an arbitrary cuboidal graph results to
be straightforward. Then, we will discuss the role of the
regulator in QRLG, which is a parameter entering the
definition of the classical phase space variables used to
peak the semiclassical states, and we will demonstrate
how it can be matched with the regulator adopted in
LQC, in which it enters the definition of quantum states.
In particular, we will outline how the prescription of lat-
tice refinement [15, 16] is naturally inferred, such that
different regularization prescriptions in LQC (as the “old
2and “improved dynamics” schemes) are related with the
different definitions one can give to the classical local
variables (the scale factors) from smeared ones (fluxes).
These findings fix the correspondence between the dy-
namics of LQC and the effective semiclassical description
of QRLG and sustain the idea that the former correctly
account for the fundamental structure of a quantum Uni-
verse in LQG.
However, we find that some (inverse volume) correc-
tions are enhanced compared to the analogous ones in
LQC by a factor equal to the square root of the total
number nodes. This feature gives more chances to vali-
date the model through the comparison with experimen-
tal data.
Loop Quantum Cosmology In LQC, a flat homoge-
neous Universe is described by the conjugate variables
{ci, pj} giving the extrinsic curvature component and the
scale factor. By using some tools of LQG, a inequivalent
scenario with respect to Wheeler-DeWitt minisuperspace
quantization is obtained. In particular, wave function
are quasi-periodic functions of ci and the Hilbert space
is the direct product of three Bohr compactifications of
the real line. The gravitational dynamics is described
by the scalar constraint, whose expression reads [17, 18]
(modulo a factor ordering)
H =
2
γ2
N
(√
pxpy
pz
sinµxcx
µx
sinµycy
µy
+√
pypz
px
sinµycy
µy
sinµzcz
µz
+√
pzpx
py
sinµzcz
µz
sinµxcx
µx
)
, (1)
γ and N being the Immirzi parameter and the homo-
geneous lapse function, while µi denotes the regulators,
for which two possible choices have been considered in
literature: the “old” (µ0) scheme, µi = µ0 = const., and
the “improved-dynamics” (µ¯) scheme, in which the reg-
ulators µi = µ¯i depend on p’s such that
µ¯xµ¯y =
∆l2P
pz
, µ¯yµ¯z =
∆l2P
px
, µ¯zµ¯x =
∆l2P
py
, (2)
lP being the Planck length. The factor ∆ = 4π
√
3γ,
is the minimum physical area in l2P units, it’s imported
from the full theory to regularize the minimum size
of the holonomies entering the definition of the quan-
tum states. Effectively, one gets from (1) a modified
Friedman equation, in which the initial singularity is re-
placed by a bounce occurring at a critical energy density
ρ = ρcr ∝ µ2p in the isotropic limit [19]. Generically, in
the isotropic limit the old and improved-dynamics reg-
ularization schemes are only two particular cases of the
lattice refinement of LQC [15, 16], in which the regula-
tor goes as the inverse third root of the total number of
nodes N of the graph underlying the continuous space
picture, i.e.
µ ∝ 1/N1/3, (3)
and as a function of p one gets µ ∝ p−n, n = 0, 1/2 being
the two schemes previously discussed.
The corrections with respect to the classical dynamics
are of two kinds [20, 21]: holonomy corrections, which
arise from the expansion of sinµici/µi for µici ≪ 1 and
inverse volume corrections, which are due to the technical
tools adopted to define the operator 1/
√
p
i
, i.e.
ˆ(
1√
pi
)
≡
√
pi + 8πγl2Pµi −
√
pi − 8πγl2Pµi
8πγl2Pµi
= (4)
1√
pi
(
1 + µ2i O
(
8πγl2P
pi
)2)
. (5)
The study of corrections is a tantalizing subject of inves-
tigation in view of constructing a phenomenology to be
compared with observations of the CMB power spectrum
[7].
Quantum Reduced Loop Gravity QRLG has been re-
alized in order to investigate the quantum properties of
symmetry-reduced sectors of general relativity. This is
done starting from the full kinematical Hilbert space
Hkin of LQG, whose elements are labeled by oriented
graphs Γ in the spatial manifold and are functions on
L-copies of SU(2), L being the number of links in Γ.
A basis of states is obtained by assigning an irreducible
representations jl of SU(2) on each link l, and a SU(2)
intertwiner xn at each node n, the latter implementing
SU(2) gauge invariance.
The basic idea of QRLG is to perform on a quantum
level the following two gauge fixings [13]:
1. the choice of a diagonal metric tensor, which is real-
ized by restricting to cuboidal graphs, whose links
li are only those along some fiducial directions ~u
i;
2. the choice of a diagonal tetrad field, which implies
breaking the group of internal SU(2) rotation, via
the projection of SU(2) group elements based at li
to the U(1) ones obtained by stabilizing along the
direction ~ui. This is done by using coherent states
along the directions ~ui and −~ui (which corresponds
to the maximum and minimum magnetic number
along the direction ~ui).
Finally, the elements of the reduced kinematical
Hilbert space are labeled by cuboidal graphs, having U(1)
group elements at links and some reduced intertwiners
at nodes. Such reduced intertwiners are not just those
of the U(1) group, but, for nodes connecting links along
different fiducial directions, they have to be evaluated
from the full SU(2) intertwiners. A key property is that,
3since U(1) irreps are one-dimensional, reduced intertwin-
ers are just complex numbers. This feature simplifies
significantly the semiclassical analysis.
In order to study the action of operators, we developed
a reduced recoupling theory [12], consisting in recoupling
holonomies as U(1) group elements and intertwiners as
SU(2) ones and then projecting on the representation
with maximum magnetic numbers.
The scalar constraint has been defined by taking the
expression of the Euclidean part in LQG and by substi-
tuting SU(2) operators with reduced ones [11]. Thanks
to the fact that the volume operator is now diagonal, the
matrix elements between states with three-valence nodes
could be analytically evaluated. This feature allows then
to analyze the local behaviour of the fundamental quan-
tum geometry along the same lines of LQG, namely as
a quantum spin dynamics [22], without any reference
to a coordinate dependent background structure. The
semiclassical analysis [14] has been performed by defin-
ing semiclassical states (according with LQG techiques
[23, 24]) over a single three-valence dressed nodes, i.e.
containing the loops added by the scalar constraint it-
self. This implies that the regulator, being associated
with the area of such loop, is a parameter labeling the
semiclassical state.
By performing a large j’s limit, where j’s denote the
quantum number around which semiclassical states are
peaked, the expectation value of the scalar constraint has
been computed. The result is that at each node the lead-
ing term resembles the expression of the scalar constraint
for the Bianchi I model in LQC (1):
〈RHˆ1/2 〉n ≈ 2
γ2
N (n)
(√
px py
pz
sin cx sin cy+
+
√
py pz
px
sin cy sin cz+
+
√
pz px
py
sin cz sin cx
)
. (6)
N (n) being the lapse function at the considered node n,
while ci and p
i denote the semiclassical values of physi-
cal phase-space variables (they are rescaled via the length
and area of the dressing loops with respect to the analo-
gous expression in [14]).
The spin quantum numbers are related to pi throught
pi = 8πγl2P ji , (7)
and the factors 1/
√
pi inside (6) come from the large j
expansion of the following expression√
ji + 1−
√
ji − 1 = 1√
ji
(
1 +O(j−2i )
)
. (8)
The next-to-leading order terms give rise to inverse vol-
ume corrections
1√
pi
→ 1√
pi
[
1 +O
(
8πγl2P
pi
)2]
. (9)
We are now going to outline how it is possible to refine
our construction, such that the semiclassical analysis can
be performed for more-than-three-valence nodes and be-
yond the local patch approximation. Then, we will show
how our regularization procedure leads to the µ¯ scheme
adopted in improved dynamics.
Reduced recoupling. We change the reduced recou-
pling theory in the following way: we still recouple the
U(1) group elements according with the U(1) composi-
tion law, while we use standard SU(2) recoupling the-
ory for intertwiners. The reason why we used the “old”
recoupling theory was that the composition of reduced
intertwiners produced another reduced intertwiner. This
is not the case anymore, but being reduced intertwiners
one-dimensional, their composition can simply be writ-
ten as a (Clebsh-Gordan) coefficient times a reduced in-
tertwiner.
This slight change has the following implications on
previous calculations [25]:
i) the action of the scalar constraint (equation (53)
in [14]) is modified through some non-trivial factors
(which can be easily computed),
ii) we have a better constrol of the corrections to the
scalar constraint semiclassical expectation value.
Furthermore, the semiclassical analysis can be repeated
also for higher valence nodes and the results is just the
three-valence one summed over all the possible permu-
tations of links. This allow us to investigate the generic
case in which the nodes are six-valence and to construct
a model for a quantum Universe as a collection of cu-
bic cells. Hence, we don’t need dressed nodes anymore,
and we can regularize the scalar constraint by consider-
ing holonomies along fundamental plaquettes of the six-
valence graph.
The expectation value of the scalar constraint is thus
just the sum over all the nodes and over all possible
triples of links of the three-valence result. Peak around
an homogeneous anisotropic configuration (the same ex-
pectation values for each cell) made of equal gaussians
at links along the same fiducial directions, we get (6)
times the total number nodes N . The physical phase-
space variables P i, Ci describing a collection of cells with
N nodes are obtained from those of a single-cell via the
replacement
px → P x = NyNzpx, py → P y = NzNxpy, pz → P z = NxNypz,
(10)
cx → Cx = Nxcx , cy → Cy = Nycy , cz → Cz = Nzcz ,
(11)
Ni being the number of nodes lying in the dual plane to
the fiducial direction ~ui and N = NxNyNz.
Finally, the expectation value of the scalar constraint
for a Bianchi I patch made of a collection of cells with N
4nodes is given by
〈RHˆ1/2 〉N ≈ 2
γ2
N
(
NxNy
√
P x P y
P z
sin
Cx
Nx
sin
Cy
Ny
+
+Ny Nz
√
P y P z
P x
sin
Cy
Ny
sin
Cz
Nz
+
+Nz Nx
√
P z P x
P y
sin
Cz
Nz
sin
Cx
Nx
)
.
(12)
This expression coincides formally with the quantum op-
erator adopted in LQC (1), as soon as we make the iden-
tification
µi = 1/Ni. (13)
The µ parameter introduced as an ad-hoc function in
LQC, now acquires a precise meaning representing the
ratio of the patch-to global lattice size, as in lattice refine-
ment of LQC [15, 16]. In fact, (13) provides an extension
of (3) to the anisotropic case.
Therefore, we get a fundamental correspondence be-
tween the effective semiclassical dynamics of QRLG and
the quantum Hamiltonian adopted in LQC. This achieve-
ment is in agreement with the analogous results of [26–28]
concerning cosmology in a Group Field Theory frame-
work. Let us note that from (7) and (10), we get
1
Nx
1
Ny
=
8πγl2P
P z
jz ,
1
Ny
1
Nz
=
8πγl2P
P x
jx ,
1
Nz
1
Nx
=
8πγl2P
P y
jy . (14)
Among the possible regularization prescriptions, the old
scheme is reproduced for µ0 = 1/Ni, which implies that
the number of nodes does not depend on Pi, thus P
i is
a linear function of ji. Similarly, the improved-dynamics
scheme is obtained once we fix µ¯i = 1/Ni, if we restrict to
constant ji’s (independent of P ’s) such that (2) is repro-
duced from (14). Henceforth, the µ¯ regularization scheme
is obtained by fixing j’s and taking a P dependent num-
ber of nodes. These relationships between the features of
fundamental graphs (number of nodes and spin numbers)
with the regularization schemes have been anticipated in
[15].
Corrections The study of correction reveals that
there is no exact matching of semiclassical QRLG and
LQC. While holonomy corrections are the same, inverse
volume ones differ. In fact, the latter are obtained from
those of a single cell (9) and, after the rescaling (10), a
factor N/Ni appears in front of the next-to-leading order
terms
1√
Pi
→ 1√
Pi
[
1 +
N2
N2i
O
(
8πγl2P
Pi
)2]
. (15)
By comparing the expression above with that of LQC (5),
we see the presence of an additional factor N2, which
enhance inverse volume corrections. It is worth noting
how in the isotropic case, by assuming µ = 1/N1/3 ∝
P−n, inverse volume corrections are of order N4/3/P 2 ∝
P 2(2n−1) and they are negligible at high scale factors for
n ≤ 1/2, the upper bound given by the improved dy-
namics scheme. This provides us with a different range
of admissible values for n with respect to LQC for what
concerns viable inverse volume corrections.
Conclusions We derived the scalar constraint
adopted in LQC for the Bianchi I model from the
semiclassical limit of the scalar constraint operator in
QRLG. This achievement shows how LQC captures
the local dynamics of full LQG, after the gauge fixing
to diagonal metric tensor and triads and a reduction
of the dynamical degrees of freedom to those of the
Bianchi I model. The effective regulator of LQC is the
inverse of the number of nodes over each fiducial plane
and this result clarifies how taking the continuum limit
corresponds to removing the regulator. However, the
study of inverse volume corrections reveals that they are
enhanced with respect to LQC by a factor proportional
to the square of the total number of nodes (which
becomes an observable on a quantum level [29, 30]).
This feature leaves more room for phenomenological
implications than LQC. All these achievements outline
the feasibility of QRLG to extract predictions out of
LQG.
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